Abstract. We revisit the permeation flow issue in weakly sheared cholesteric liquid crystal polymers in plane Couette and Poiseuille flow geometries using a mesoscopic theory obtained from the kinetic theory for flows of cholesteric liquid crystal polymers [2] . We first present two classes of equilibrium solutions due to the order parameter variation and the director variation, respectively; then, study the permeation mode in weakly sheared flows of cholesteric liquid crystal polymers employing a coarse-grain approximation. We show that in order to solve the permeation flow problem correctly using the coarse-grain approximation, secondary flows must be considered, resolving a long standing inconsistency in the study of cholesteric liquid crystal flows [7] . Asymptotic solutions are sought in Deborah number expansions. The primary and secondary flow as well as the director dynamics are shown to dominate at leading order while the local nematic order fluctuations are higher order effects. The leading order solutions are obtained explicitly and analyzed with respect to the cholesteric pitch and other material parameters. The role of the anisotropic elasticity in equilibrium phase transition and permeation flows is investigated as well.
1. Introduction. Cholesteric nematic liquid crystals also known as chiral nematics are mesophases, where the average direction of molecular orientation exhibits a chiral (twisted) pattern along its normal direction [7, 10] . Examples include cholesterol esters, DNAs, colloidal suspensions of bacteriophages [16, 30] and solutions of chiral nematic mixtures. Cholesteric phases are also manifested in smectic liquid crystals, where the positional order of molecular centers of mass exhibits a periodic structure. It is noted that the formation of the mesoscopic cholesteric phase is in many cases determined by the chiral structure inherent in the molecules, although chiral phases of achiral molecules may also occur, for instance, in the case of bent-core molecule liquid crystals (B2-phases). In this paper, we first examine the phase behavior and transition between isotropic and cholesteric phases in equilibrium. In particular, we investigate how the phase behavior changes with respect to the concentration, molecular conformation, and the coupling between the local nematic order and the distortional elasticity in equilibrium. We then address issues on rheology of sheared cholesteric liquid crystal polymers.
Phase transition from the isotropic to the cholesteric phase can take place as concentration or temperature changes [7, 10, 42] . The isotropic-nematic phase transition was first explored theoretically by Onsager considering the steric (excluded volume) effect of rigid rod molecules [28] . The pathway to cholesteric phase in isotropic-chiral nematic phase transition is often accompanied by the existence of the intermediate blue phases however [42] .
It is well-known that the cholesteric pitch is sensitive to the change of temperature and concentration in cholesteric liquid crystals [10] ; in fact, it can also be affected by the long-range distortional elasticity and other material parameters. One of the important issues in the study of polymeric nematic liquid crystals is the coupling of the distortional elasticity with the local nematic order including the averaged orientational direction and the degree of orientation. Such effects are not fully taken into account in the theory for flows of nematic liquid crystals by Ericksen and Leslie [23, 22] . An extension of the Leslie-Ericksen theory to include a scalar degree of orientation variable was later developed by Ericksen [13] . The Ericksen model has been successful in the study of static singularities [24] as well as line defects and patterns in flow phenomena [3, 4, 29] . However, Ericksen's approach does not account for biaxiality normally present in flows of liquid crystal polymers. Recently, a continuum model in terms of Landau-DeGennes second order tensor has been developed to study the coupling between the distortional elasticity and local nematic order in flows of chiral nematics [9] . This model naturally takes care of the biaxiality in inhomogeneous states and the one induced by external fields and/or flow fields. It is shown that the chiral structure effectively couples the distortional elasticity to the local nematic order to noticeably impact on the phase behavior of cholesteric liquid crystal polymers (CLCPs). As all the continuum mechanics theories, the coefficients for the distortional elasticity in the second order tensor model are prescribed (linear) functions of the second order orientation tensor, which need to be calibrated by a molecular theory. This paper revisits the modeling issues from another perspective. We derive an approximate tensor model from the kinetic theory by employing a closure approximation to reveal the nonlinearity in the distortional elasticity and relate the macroscopic material parameters to molecular parameters.
The cholesteric phase is delicate in that it can be sustained only under balanced conditions; otherwise, defects and disclinations can form easily. As a result, the rheology of CLCPs has not been widely studied. Most available studies are based on Leslie-Ericken(LE) continuum theory, and use perturbation techniques with the base helical axis in the flow direction [17, 18, 25, 19, 10, 7, 37] , in the velocity gradient direction [23, 20] , and in the vorticity direction in simple shear [11, 31, 32, 33] . A very brief review on cholesteric rheology can be found in the books [10, 21] .
A particular striking example in flows of cholesterics is permeation where a cholesteric liquid crystal is subject to an imposed flow in the direction of the helix but the helical structure remains nearly intact. The main feature of the permeation is its ultrahigh viscosity (by a factor of ∼ 10 5 of pure nematic liquid crystals) in small shear. But, in strong shear, the helical structure is completely destroyed so that cholesterics behave essentially like pure nematic liquid crystals. An explanation of this was first given by Helfrich [17] . He argued that the usual parabolic profile is replaced by plug-like flow, with a constant velocity across the capillary (Poiseuille flow). De Gennes and Prost [10] added that this occurs over a length scale ∼ P where P is the pitch of the helix. Recently Rey revisited the issue and carried out a series of studies on cholesteric liquid crystals to clarify and extend the previous studies [31, 32, 33, 34, 35, 36, 37] . He also studied the linear viscoelasticity of CLCs [34, 35] and extended the previous works to linear and oscillatory shear flows [35, 36, 37] . All the studies mentioned above are limited to "in-plane orientation" with only primary flows considered and based on the uniaxial director description of the LE theory. When only the primary flow is considered, we notice that the asymptotic studies in the literature all lead to an inconsistent and over-determined system of equations and then a solution is sought by ignoring a seemingly, arbitrarily selected set of equations [7] . This is mathematically unjustifiable. Recently Marenduzzo et al. [26] studied the sheared cholesterics using a continuum theory based on Beris and Edwards' Poisson bracket formalism. They conducted 3-D numerical calculations of the governing system of equations of the continuum hydrodynamic equations and showed that the boundary anchoring condition as well as the gap width affect the flow and orientation structure in the shear cell. They also pointed out the importance of the secondary flow in their studies.
In this paper, we will address the consistency issue in the coarse-grain approximation using a mesoscopic closure model obtained from a kinetic theory [2] and derive consistently the asymptotic solutions up to the leading order. The goal is to (i) explore how the coupling among the chirality, distortional elasticity and local nematic order affects the orientation as well as the flow structure; (ii) show the indispensable role of the secondary flow in the approximation clarifying the inconsistency issue in the previous studies in the literature; (iii) derive the coarse-grain approximate solution for the permeation flow in the presence of secondary flows and analyze its scaling behavior with respect to important material parameters. In section 2, we present dimensionless mesoscopic tensor model obtained from the kinetic theory for flows of cholesteric liquid crystal polymers. In section 3, we explore two special classes of uniaxial equilibrium solutions. Section 4 is devoted to investigations of the permeation mode in weak plane Couette flows and section 5 to studies of the permeation mode in weak plane Poiseuille flows. 2. Mesoscopic model formation. We begin with a brief review of the kinetic theory for cholesteric liquid crystal polymers (CLCPs) developed in [2] . We present the dimensionless governing system of equations along with the dimensionless parameter group only and refer readers to [2] for the detailed theory, the dimensional parameters, and the derivation.
We nondimensionalize the equations in the model using the characteristic length scale h and the LCP relaxation time scale t 0 = t n = 
where
is an inertial force and ρ is the CLCP density. Let c be the CLCP number density, k the Boltzmann constant, T absolute temperature, N a dimensionless concentration, η the solvent viscosity, ζ i , i = 1, 2, 3 three friction coefficients related to CLCP-solvent interaction, and L, L, L q three length scales for the isotropic long-range interaction, anisotropic long-range interaction, and cholesteric length scale, respectively. The following 9 dimensionless parameters in the model arise:
α measures the strength of the elastic energy relative to that of the kinetic energy; Re is the solvent Reynolds number; Er is the Ericksen number which measures the strength of the short-range nematic potential relative to that of the isotropic distortional elastic energy; θ measures the strength of anisotropic distortional elasticity relative to the isotropic one whose range is limited to [−1, ∞); 1/µ i , i = 1, 2, 3 are three nematic Reynolds numbers, and θ q parameterizes the chiral free energy relative to the isotropic distortional elastic one. We drop the tilde˜on all variables from now on so that all equations and figures in the following correspond to normalized (dimensionless) variables.
The dimensionless governing equations consisting of the continuity, momentum balance, orientation tensor equation and the constitutive equation for the extra stress tensor are given below. Continuity equation
Momentum balance equation
Orientation tensor equation
where M is the second moment of the orientational probability distribution function in the kinetic theory (called the structure tensor), and a = r 2 −1 r 2 +1 parameterizes the aspect ratio r of the spheroidal molecules (0 < a ≤ 1 corresponds to a rod-like molecule and −1 ≤ a < 0 for platelets [41] ,) the deviatoric part of M
is called the orientation tensor. The symbols ·, :, . . ., :: denote the contraction operations on one pair, two pairs, three pairs, and four pairs of tensorial indices, respectively. More delicate index contractions are given explicitly for clarity in the equations whenever necessary.
Constitutive equation for the extra stress tensor
Since the system is not closed, we would have to employ closure approximations on the higher moments. We use two simplest ones, quadratic and cubic closures, here. Namely, we approximate the fourth order tensor M 4 using a tensor product of two second order tensors and the sixth order tensor M 6 using a tensor product of three second order tensors:
These primitive closures respect the trace condition imposed on the orientation tensor equation. Also, coupled with the geometry parameter a, the quadratic closure gives a good approximation to M 4 provided a normalized concentration is adopted [15] . In this approximation, the Frank elastic constants in the linearized limit is given by
where C is a parameter proportional to the concentration and s is the equilibrium uniaxial order parameter [41] . For rodlike CLCPs, K 1 = K 2 ≤ K 3 ; whereas the order is reversed for discotics.
3. Uniaxial nematic equilibria. We study solutions of the orientation tensor equation in quiescent state by exploring uniaxial symmetry within the governing system of equations.
3.1. Nematic equilibrium due to order parameter variations. We seek uniaxial solutions of the orientation tensor equation, whose variation is through the uniaxial order parameter s in a fixed direction m ( m = 1):
where ζ = m · x and n is a constant uniaxial director. When m||n, through a tedious calculation, the orientation tensor equation collapses to a scalar equation for the uniaxial order parameter s:
The steady state is governed by
which can be integrated to yield
with
We denote
The time dependent problem for the order parameter dynamics can be rewritten as 27 (1 − s)(2s + 1)
The constant equilibria are given by [40] 
When N < 8/3, the isotropic state s 0 = 0 is the only attractor. When 8/3 ≤ N ≤ 3, there are three constant equilibria: one isotropic and two prolate uniaxial ones [39, 14] , in which the isotropic and the larger prolate equilibrium are stable, and a family of periodic steady states centered around the smaller and unstable prolate constant equilibrium. When N > 3, there are one isotropic (unstable), one oblate (unstable) and one prolate (stable) constant equilibria as well as a family of periodic steady states centered around the unstable isotropic constant equilibrium. The representative phase portraits of the steady state system in four distinct concentration regimes are depicted in Figure 1 . The phase diagrams are qualitatively the same as the ones obtained using the DMG model for nematics [14] . The system also admits a family of traveling wave solutions: s = s(Z), where Z = ζ − ct is the traveling wave coordinate, and c is a constant speed to be determined. The governing equation for the traveling wave solution is given by,
where the prime denotes d/dZ. The special case c = 0 corresponds to the previous steady state. For c = 0, we have
which is strictly increasing for c > 0 and decreasing for c < 0. This means that no periodic solutions survive for c = 0, but infinite period traveling wave emerge for N > 8 3 , which connects one equilibrium phase at Z = −∞ to another at Z = ∞. Specifically, the highly aligned nematic phase and the isotropic one connect to the less aligned prolate one as c > 0 for 8/3 < N < 3. The nematic phases connect to the isotropic one at N > 3. These connections reverse as c < 0. This can be shown using a phase plane analysis.
3.2. Nematic equilibrium patterns due to director variations. We next seek solutions of the orientation tensor given by director variations. Without loss of generality, we seek orientation tensor solutions of the general form
with q the wave number of the solution. This ansatz represents an orientation tensor moving in the direction of e z in a helical fashion. Substituting this into the orientation tensor equation, we have
This system of algebraic equations admits the following sets of solutions:
and s satisfies
The first set given by q = 0, U (s) = 0 gives the equilibrium nematic order parameter solution with an arbitrary constant director; whereas the second set given by
yields the solution for cholesterics with pitch q. Using symmetry argument, we notice that the above system of equations is invariant under the following transformations: (s, β) → (β, s) and (s, β) → (−(s + β)/2, (s + β)/2). Therefore, there are two other families of solutions that can be obtained following the linear transformations. The behavior of the equilibria for pure nematics given by U (s) = 0 have been well-documented [39] . We focus on the order parameter behavior in equilibrium cholesterics next. We introduce a new dimensionless parameter
Er , measuring the strength of chirality relative to the distortional elasticity. If K q >> 1, the equilibria of s are s ≈ −1/2, 0, 1; whereas if 0 ≤ K q << 1, they are given by U (s) = 0, which correspond to purely nematic equilibria. We note that s = −1/2 is unstable and stability of s = 0 depends on the concentration N . This simple asymptotic result hints that the stable prolate nematic phase s ≈ 1 is possible if the chiral effect dominates. In moderate values of K q , the equilibrium phase diagram shifts away from the purely nematic one with respect to variations of K q and θ. Figure 2 depicts the bifurcation diagram with respect to the dimensionless concentration N and selected values of K q = 1, 10 and θ = −0.5, 0, 1, respectively.
The effect of an increasing K q is to downshift the critical concentration, where a saddle node (turning point) bifurcation creates the pair of prolate nematic phases s ± . The more aligned prolate phase represented by s + is stable and the less aligned one s − is unstable, which eventually turns into an oblate phase at N > 3. The stability of the equilibria is similar to the pure nematic one after all [12, 39, 40] . In contrast to the sensitivity of the turning point bifurcation point to K q , the bifurcation diagram is less sensitive to variations of the anisotropic elasticity θ. However, there is still a noticeable effect of θ on the prolate nematic order parameter at large K q . For example, the nematic order at the turning point bifurcation point is higher at negative values of θ shown in Figure 2 . The above observations indicate that phase transition from isotropic to cholesteric may take place by changing the anisotropic properties of the CLCP and/or its chirality, both of which can depend on temperature and weakly on concentration.
We remark that the governing system of equations in the closure model also may admit unphysical solutions at higher concentration which is clearly an artifact of the closure approximation we use [39] .
4. Permeation structures in weakly sheared cholesterics. We next study the flow and orientation structure in weakly sheared CLCPs in a plane Couette cell, characterized by a small dimensionless shearing speed. In particular, we investigate the structure using an ad hoc "coarse-grain" approximation [7, 37] .
We consider the steady permeation flow of cholesterics with the helix along the flow direction z, between two parallel plates at x = ±1 in Cartesian coordinates (x, y, z) and moving with corresponding velocity v = (0, 0, ± ), where = De is the Deborah number defined by De = v0 D 0 r h with the choice of h the half gap width in the shear cell. The equilibrium state is given by (26), i.e.,
where q = 4θq(1−s0) (6+θ(s0+2)) . P 0 = π/q defines the equilibrium pitch of the helix. Figure  3 depicts the permeation flow in the plane Couette flow geometry.
When the weak shear is imposed, Q is expected to exhibit biaxiality. We thus parameterize the directors with three angles ζ, ξ and χ n 1 = (cosζcosξ, sinζcosξ, sinξ),
ζ is an in-plane tilt angle, ξ and χ are out of plane tilt angles [39, 9] .
At the equilibrium, ζ 0 = qz ,ξ 0 = 0 and χ = χ 0 (undefined). When Q is uniaxial, χ is irrelevant. We seek asymptotic solution in small Deborah number expansions:
where the secondary flow in y direction is sought as well. The boundary conditions on the perturbation variables are
First, we expand the governing system of equations in powers of to obtain the asymptotic equations at each order of O( n ), n = 0, 1, 2, · · · , in which we focus on the equations at order O( ), the linearized equations. Secondly, we employ an ad hoc "coarse-grain" approximation, in which we average the linearized equations over a pitch of the cholesteric structure in z. We remark that the coarse-grain approximation is equivalent to the Galerkin projection onto the zeroth order Fourier space in z-variable. Here we assume an out-of-plane flow along with an out-of-plane orientation structure. The coarse-grain linearized equations at order O( ) are given in the appendix. Eq. (45), (47), (48) and (49) along with boundary conditions give s 1 (x) = β 1 (x) = ω(x) = 0 and χ is undetermined at this order. (50) automatically holds. Thus, the system reduces to 
These solutions exhibit boundary layers near the shearing plates whose thickness is of order O(q −1 ), which shrinks with respect to the polymer concentration N since s is an increasing function of N . Outside the boundary layer region, the velocity is essentially a constant and the angle profile is practically linear. Figure 4 depicts the typical variation of v z , v y and φ as functions of the gap width x. We note that all variations are insensitive to the shape of the molecule. The secondary flow is nonzero and nearly constant away from the boundaries. From (31), we notice that the three unknowns (v y , v z , φ) are coupled. Therefore, it is wrong to assign v y = 0 arbitrarily, which had been done unfortunately in previous studies. The rheological property of interest here is the apparent viscosity η app , defined by
v z (x)dx is the flow rate per unit length and τ zx is the shear stress, which is a constant at this order across the Couette cell.
The resulting apparent viscosity is given by
q, as Kq >> 1 . (37) This result shows the same scaling behavior with respect to q as obtained in [37] using the LE theory. However, (37) reveals more details about the impact of the local nematic order and the molecular configuration. The first and second normal stress differences can be calculated directly by the stress formulas and are shown to be zero in this order.
If θ > 12 a(4−s0)+3s0 , this is the large anisotropic elastic regime, K maybe negative (K < 0). The leading order solutions are spatially oscillatory. This shows the impact of a dominant anisotropic elasticity on the permeation structure. In this case, the solutions are given by
assuming Kq = 2mπ for some integer m. If Kq = 2mπ, however, the solution formula has to be modified, which is omitted here. The shear stress remains the same as that for K > 0. Two solutions, one for rodlike and the other for discotic CLCPs are depicted in Figure 5 . We notice that this periodic structure occurs at the highly anisotropic regime, which perhaps can only happen at the concentration and temperature regime close to smectic transition. Therefore, this could be a precursor of the transitional behavior.
5. Permeation structures in weak plane Poiseuille flows. Next, we study the steady flow and orientational structure of cholesterics in the direction of the velocity gradient under an imposed, small pressure gradient ∂p ∂z in plane Poiseuille flows. Figure 6 depicts the geometry of the plane Poiseuille flow on the (z, x) plane. The orientational boundary condition for the orientation tensor is identical to that used for plane Couette flows while the velocity boundary condition is the no-slip one: v z (±1) = 0. Like in weak plane Couette flows, we use h, the half width of the channel, and the relaxation time t 0 as the characteristic length and time scale, respectively. We adopt the same dimensionless symbols used in the weak plane 
We seek asymptotic solutions in powers of . The other governing equations are identical to those derived for plane Couette flows except that the third component from the momentum balance equation now becomes 12η+6µ3−µ1s0 6Er
The boundary conditions on the perturbation variables are the same as the ones in the plane Couette flows except that
When K > 0, the solutions are given by
Like in the plane Couette flows, these solutions exhibit boundary layer behavior at the walls with the thickness in the order of q −1 . Outside the boundary layer region, the primary velocity component is essentially a constant similar to the result obtained using the LE theory [7] while the angle profile is practically quadratic and the secondary velocity component v y is linear. Figure 7 depicts the typical variation of v z , v y and φ as functions of the gap width x. We note that the velocity variations are insensitive to the shape of a molecule while the angle variation for discotics are much more sensitive than that for rodlike ones.
The shear stress is calculated as τ zx = −x. The apparent viscosity in this case is given by
which is always positive, correcting the result in [7] using the LE theory. As in Couette flows, both the first and second normal stress differences are zero at order O( ). When K < 0, the steady state solutions are spatially periodic and given by
. Figure 8 depicts the typical solutions for some chosen parameters, in which the primary velocity flows backwards. When the flow direction is reversed due to the extreme anisotropic elasticity, the winding direction of the director also reverses as shown in the figure. Again, if this were to happen, it would be a precursor to transition to smectics. 6. Conclusion. We have constructed two classes of equilibrium solutions with uniaxial symmetries using a mesoscopic closure model obtained from the kinetic theory for flows of cholesteric liquid crystal polymers and studied the permeation mode in plane Couette and Poiseuille flows using a coarse-grain approximation. We show that chirality in cholesteric liquid crystal polymers couples the local nematic order with the distortional elasticity leading to equilibrium isotropic-nematic phase transition at reduced concentration, enhanced distortional elasticity as well as chirality, among which the influence of the chirality on phase behavior is quite pronounced. By solving the flow orientation coupled equations with a nonzero secondary flow, we show that it is necessary to include the secondary flow in the coarse-grain approximation required by the chiral structure, correcting a long standing inconsistency 
, and at N 2 = 3 a double-saddle node bifurcation takes place. Between N 1 and N 2 , first order phase transition may occur. may emerge at extreme values of the anisotropic elasticity corresponding to K < 0. In this regime, the primary flow can reverse its direction locally across the shear cell leading to opposite director winding patterns compared with the case of K > 0. Further studies on this anomalous behavior will be continued in the future. 
